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We derive a universal relation for the transverse part of triangle anomalies within
a class of theories whose gravity dual is described by the Yang-Mills-Chern-Simons
theory. This relation provides a set of sum rules involving the masses, decay constants
and couplings between resonances, and leads to the formulas for the matrix elements
of the vector and axial currents in the presence of the soft electromagnetic field. We
also discuss that this relation is valid in real QCD at least approximately. This may
be regarded as the anomaly matching for resonances as an analogue of that for the
massless excitations in QCD.
I. INTRODUCTION
One distinctive feature of relativistic quantum field theories is the existence of anomalies
[1–3], which is the violation of some symmetries of the classical action by quantum effects.
In the case of global symmetries, when currents are coupled to external gauge fields, not
all currents can be conserved. This fact is reflected in the longitudinal part of the triangle
diagrams. The longitudinal part of triangle anomalies does not depend on the energy scale
due to its topological nature: the triangle anomalies calculated in QCD at the level of
quarks and gluons are reproduced at the level of hadrons (the ’t Hooft anomaly matching
condition) [4]; this leads to observable consequences for the low-energy physics involving
pions in QCD. A well-known example is the π0 → 2γ decay. One can ask if the transverse
part of the triangle graphs is also constrained. If such a constraint exists, it would have
implications for the physics of hadron resonances (the ρ and a1 mesons, in particular).
Such a question was posed in Ref. [5] and further studied in Refs. [6, 7]. It was found
that the transverse part of the current-current correlator in an infinitesimally weak electro-
magnetic field [denoted as wT (Q
2) and defined below] is not renormalized in perturbative
QCD, and so the transverse part is related to the longitudinal part. However, chiral sym-
metry breaking leads to a violation of this relationship. The nonperturbative aspects of the
transverse part have been studied mostly at large Euclidean momentum Q2 = −q2. Clearly,
the main difficulty is that the transverse part of triangle anomalies has a dynamical nature
rather than a topological one.
In this paper, we study the transverse part of triangle anomalies using the technique of
holography [8–10]. We consider first a class of theories whose gravity dual is described by the
Yang-Mills-Chern-Simons theory with chiral symmetry broken by boundary conditions in
the infrared. This class of theories include the early “bottom-up” AdS/QCD model inspired
by dimensional deconstruction and hidden local symmetry [11] and the “top-down” Sakai-
2Sugimoto model [12]. (Both models reproduce rather well various aspects of the physics of
low-lying hadrons in QCD.) For models in this class, we derive the following relation for the
transverse part of triangle anomalies:
wT (Q
2) =
Nc
Q2
− Nc
f 2π
[
ΠA(Q
2)− ΠV (Q2)
]
, (1)
for anyQ2. Here wT (Q
2) is defined in Eq. (3) below, Nc is the number of colors, fπ is the pion
decay constant, and ΠA and ΠV are the axial and vector current correlators, respectively.
Equation (1) fully includes the nonperturbative correction and may be regarded as the
“anomaly matching for resonances” as an analogue of that for the massless excitations
in QCD. As will be shown, Eq. (1) provides a set of sum rules involving the resonance
parameters, leading to the formulas for the matrix elements of the vector and axial currents
in the presence of the soft electromagnetic field [see Eqs. (54) and (55)].
We also argue that Eq. (1) holds at least approximately in real QCD at both small and
large Q2.
II. TRIANGLE ANOMALIES
First we review the triangle anomalies. We consider massless QCD with Nc colors and
Nf flavors. Let us define the correlation function of the vector current j
a
µ = q¯γµt
aq and the
axial current j5bµ = q¯γµγ5t
bq in a weak electromagnetic background field Fˆµν = ∂µVˆν − ∂ν Vˆµ,
dab〈jµj5ν〉Fˆ ≡ i
∫
d4x eiqx〈jaµ(x)j5bν (0)〉Fˆ , (2)
where ta (a = 1, 2, · · · , N2f − 1) and t0 = 1/
√
2Nf are the U(Nf ) flavor matrices normalized
so that tr(tatb) = δab/2. We also define dab = (1/2) tr(Q{ta, tb}) where Q is the electric
charge matrix. Since 〈jµj5ν〉Fˆ is a Lorentz pseudo-tensor, the leading term in its expansion
over the weak background field Fˆµν is a linear combination of three structures: F˜µν , qµq
σF˜σν ,
and qνq
σF˜σµ with F˜µν = (1/2)ǫµναβFˆ
αβ. Imposing vector current conservation qµ〈jµj5ν〉Fˆ = 0,
the number of independent structures reduces to two: the longitudinal and transverse parts
with respect to qν . The general expression up to the leading order in F˜ is
〈jµj5ν〉Fˆ = −
1
4π2
[
wT (q
2)(−q2F˜µν + qµqσF˜σν − qνqσF˜σµ) + wL(q2)qνqσF˜σµ
]
, (3)
where we follow the notation of [5]. The longitudinal and transverse nature of the terms in
this expression can be manifestly shown by using the transverse and longitudinal projection
tensors, P α⊥µ = η
α
µ − qµqα/q2 and P α‖µ = qµqα/q2:
〈jµj5ν〉Fˆ =
Q2
4π2
P α⊥µ
[
P β⊥ν wT (q
2) + P β‖ν wL(q
2)
]
F˜αβ, (4)
where Q2 = −q2.
3The result for wL is well-known [1, 2]:
wL(Q
2) =
2Nc
Q2
. (5)
This quantity does not receive corrections [3]. At the level of hadrons, the 1/Q2 singularity
in Eq. (5) is accounted for by the massless pion.
On the other hand, the result for wT is known perturbatively [5],
wpertT (Q
2) =
Nc
Q2
. (6)
This quantity does not receive perturbative corrections as first shown by Vainshtein [5] but
it receives nonperturbative corrections [6, 7]. In the next section, we will show that the
nonperturbative corrections are given in Eq. (1) for any Q2 in the class of holographic QCD
models mentioned above.
III. HOLOGRAPHIC DESCRIPTION
A. Setup
The five-dimensional (5D) action of the holographic dual of our theory consists of a
Yang-Mills (YM) and a Chern-Simons (CS) terms with a U(Nf ) gauge group,
S = SYM + SCS (7)
SYM = −
∫
d5x tr
[
−f 2(z)F2zµ +
1
2g2(z)
F2µν
]
, (8)
SCS = κ
∫
tr
[
AF2 − i
2
A3F − 1
10
A5
]
. (9)
Here and below, z is the fifth coordinate which runs from −z0 to z0 (z0 > 0); the Greek
indices µ, ν, · · · denote the 4D boundary coordinates and the Latin indices M,N, · · · denote
the bulk 5D coordinates. A(x, z) = AMdxM is the 5D U(Nf ) gauge field and F = dA+iA∧A
is the field strength. They are decomposed as A = Aata and F = Fata.
The functions f(z) and g(z) with the conditions f(−z) = f(z) and g(−z) = g(z) (required
by parity) are related to the metric of the bulk. For example, in the “cosh” model considered
in [11], f(z) ∼ cosh(z) and g(z) = const with z0 =∞, and in the Sakai-Sugimoto model [12],
f(z) ∼ (1 + z2)1/2 and g(z) ∼ (1 + z2)1/6 with z0 =∞. In order to keep discussion general,
we will leave f(z) and g(z) unspecified; our results below will be valid for any choice of f(z)
and g(z) [provided that
∫ z0
−z0
dz f−2(z) is convergent, see Eq. (23)]. On the other hand, κ will
be fixed as κ = Nc/(24π
2) to reproduce the correct anomaly in QCD [see Eq. (29)]. In the
top-down approach, the CS term with κ = Nc/(24π
2) is obtained from the effective action
of the probe D8-branes [12].
4As shown in Ref. [11], this theory can be interpreted as a theory of mesons, which
includes infinite towers of vector mesons and axial-vector mesons, and one massless pion.
We decompose the gauge field A(x, z) into a parity-even part V (x, z) and a parity-odd part
A(x, z),
A(x, z) = V (x, z) + A(x, z),
V (−z) = V (z), A(−z) = −A(z), (10)
which correspond to vector and axial-vector modes, respectively. Then boundary conditions
are imposed at z = 0 (which we call the IR brane): V ′(0) = 0 and A(0) = 0, where
the derivative is taken with respect to z. Chiral symmetry is broken due to the different
boundary conditions of V and A. The boundary conditions at z = ±z0 (the UV branes) are
the external gauge fields,
A(z0) = AL ≡ V + A, A(−z0) = AR ≡ V −A. (11)
Let us first recall the computation of two-point functions of currents in the absence of
the external field Fˆ . For this purpose, the nonlinear CS term in the action can be dropped.
We will work in the Az(x, z) = 0 gauge. The field Aµ satisfies a linear differential equation,
which is easiest to solve in terms of the Fourier components A(x, z). The solution depends
linearly on the boundary conditions, V aµ0 and A
a
µ0, through the mode functions V (q, z),
A(q, z), and ψ(z),
Aaµ(q, z) = V (q, z)P α⊥µ V aα0(q) + A(q, z)P α⊥µ Aaα0(q) + P α‖µ V aα0(q)− ψ(z)P α‖µ Aaα0(q) (12)
(as will be seen later, the mode function for the longitudinal part of V is simply 1). The
mode functions satisfy the boundary conditions
V (q,±z0) = 1, A(q, z0) = −A(q,−z0) = 1, ψ(z0) = −ψ(−z0) = 1. (13)
The linearized field equations are given by
∂z
[
f 2(z)∂zV (Q, z)
]− Q2
g2(z)
V (Q, z) = 0, (14)
∂z
[
f 2(z)∂zA(Q, z)
] − Q2
g2(z)
A(Q, z) = 0, (15)
∂z
[
f 2(z)∂zψ(z)
]
= 0, (16)
where Q2 = −q2. We note that V and A are two linearly independent solutions to the same
differential equation, so their Wronskian should be independent of z:
f 2(z)[V (Q, z)A′(Q, z)− A(Q, z)V ′(Q, z)] =W (Q). (17)
On the other hand, Eq. (16) can be solved as
ψ(z) = Cπ
∫ z
0
dz′
f 2(z′)
, Cπ
∫ z0
0
dz
f 2(z)
= 1. (18)
5The longitundal vector mode function satisfies the same equation as Eq. (16), but with the
boundary value of 1 at both ±z0. This function is identically 1.
Using the field equations, one can perform integration in the action by parts and the
integral reduces to the boundary values at z = ±z0:
SYM =
1
2
∫
d4q
(2π)4
f 2(z)Aaµ(q, z)∂zAµa(q, z)
∣∣∣∣
z=+z0
z=−z0
. (19)
Differentiating the action twice with respect to the boundary value V aµ0, one finds the vector
current correlation function,
i
∫
d4x eiqx〈jaµ(x)jbν(0)〉 = δabQ2P⊥µνΠV (Q2), (20)
ΠV (Q
2) =
1
Q2
f 2(z)V (Q, z)V ′(Q, z)
∣∣∣∣
z=+z0
z=−z0
=
2
Q2
f 2(z)V ′(Q, z)
∣∣∣∣
z=z0
, (21)
and similarly for ΠA. Especially, the pion decay constant fπ can be obtained from the
longitudinal part of the axial current correlation function,
f 2π = f
2(z)ψ(z)ψ′(z)
∣∣z=+z0
z=−z0
= 2Cπ, (22)
or equivalently,
4
f 2π
=
∫ z0
−z0
dz
f 2(z)
. (23)
This expression is consistent with the one obtained in [11] as it should be. We assume that
the right hand side of Eq. (23) is convergent so that fπ is finite.
B. Longitudinal and transverse triangle anomalies
We then take into account the effect of the CS term induced by the weak background
field Fˆµν . We will work in the limit of weak background field Fˆ , and expand to linear order
in Fˆ . For the computation of wL and wT , we can neglect the nonlinear terms in the YM
action, because they do not include V V A interactions accompanied with ǫµναβ tensor.
First we note that we do not have to find the correction to the classical solution that comes
from the CS action. Indeed, our old solution (to the Maxwell equation) is an extremum of
the classical action, and hence a small change in the solution does not change the YM action
to linear order. All we have to do is to substitute our old solution into the CS action.
We then note that, unlike the YM action, the CS action is not gauge-invariant (up to
boundaries). In order for Az = 0, we carry out the gauge transformation
AM → AM − ∂MΛ, (24)
Λ =
∫ z
0
dz
fπ
2f 2(z)
π(x). (25)
6This keeps the transverse part of AM unchanged, but changes the longitudinal part as
∂µAz → −∂zA‖µ. The contributions to wL and wT come from the first term in Eq. (9) after
the gauge transformation:
SCS ⊃ 3κdabF˜µν
∫
d5x (∂zV
a
µA
b
ν − V aµ ∂zAb‖ν ). (26)
Differentiating SCS with respect to V
a
µ0 and A
b
ν0, one obtains wL and wT . Remembering the
definition (4), one has1
wL(Q
2) =
24π2κ
Q2
∫ z0
−z0
dz ψ′(z)V (0, z) =
48π2κ
Q2
, (27)
wT (Q
2) =
24π2κ
Q2
∫ z0
−z0
dz A(Q, z)V ′(Q, z), (28)
where we took the on-shell amplitude for wL and used V (0, z) = 1. Matching between
Eq. (27) and the QCD result (5) leads to the identification:
κ =
Nc
24π2
. (29)
As seen from our derivation, wL is fixed by the boundary values alone reflecting its topological
nature, whereas evaluating wT needs dynamical information encoded in the field equations.
Performing the integral by parts and using Eq. (17), wT can be written as
wT =
Nc
Q2
− Nc
2Q2
∫ z0
−z0
dz (V A′ −AV ′)
=
Nc
Q2
− Nc
2Q2
∫ z0
−z0
dz
W (Q)
f 2(z)
, (30)
Using the pion decay constant (23), Eq. (30) reduces to
wT =
Nc
Q2
− 2Nc
f 2πQ
2
W (Q), (31)
On the other hand, from Eq. (21), one obtains
ΠA − ΠV = 2
Q2
W (Q). (32)
Combining Eqs (31) and (32), one finally arrives at the relation
wT (Q
2) =
Nc
Q2
− Nc
f 2π
[
ΠA(Q
2)− ΠV (Q2)
]
, (33)
for any Q2. It is clear from our derivation that this relation holds independently of f(z)
and g(z) (i.e., the metric of the gravity). This relation for wT , which leads to the strong
1 The expression for wL is similar to the one obtained in [13], but is different by the boundary value.
7constraints between the resonance parameters, as we will show below, may be called the
“anomaly matching for resonances” as an analogue of wL.
Using the both relations for wL and wT , one also has
2
〈jLµ jRν 〉Fˆ = −
NcQ
2
2π2f 2π
ΠLR(Q
2)P α⊥µ P
β⊥
ν F˜αβ, (34)
for arbitrary Q2, where jLaµ = q¯Lγµt
aqL is the left-handed current and j
Ra
µ = q¯Rγµt
aqR is the
right-handed current. The form of this expression except the proportionality coefficient is
fixed solely by the chiral symmetry SU(Nf)L×SU(Nf)R; what we obtained here is the exact
coefficient −NcQ2/(2π2f 2π) including the Q2-dependence.
C. Sum rules for resonances
We shall consider the implications of the relation (33) in terms of resonances (ρ meson,
a1 meson, and so on). In the large Nc limit, a tower of resonances with the decay widths
Γ ∼ 1/Nc are well defined. We denote the i-th vector meson as Vi (i = 1, 2, · · · ) and j-th
axial-vector meson as Aj (j = 1, 2, · · · ). The wave functions for Vi and Aj in the fifth
dimension bVi,Aj(z) and their masses mVi,Aj can be determined by decomposing Eqs. (14)
and (15) into each mode with q2 = m2Vi,Aj , respectively:
3
(f 2b′Vi)
′ = −m
2
Vi
g2
bVi , (f
2b′Aj )
′ = −m
2
Aj
g2
bAj . (35)
These functions are subject to the boundary conditions bVi(−z) = bVi(z), bAj (−z) = −bAj (z),
and bVi(±z0) = bAj (±z0) = 0 with the normalization condition∫ z0
−z0
dz
1
g2(z)
bn(z)bm(z) = δnm. (36)
The gauge fields V (Q, z) and A(Q, z) can be expanded as
V (Q, z) =
∑
i
gVi
Q2 +m2Vi
bVi(z), (37)
A(Q, z) =
∑
j
gAj
Q2 +m2Aj
bAj (z)− ψ(z). (38)
Here gVi,Aj are the vector and axial-vector meson decay constants defined by
〈0|jaµ(0)|V bi (p, ǫ)〉 = gViδabǫµ, (39)
〈0|j5aµ (0)|Abj(p, ǫ)〉 = gAjδabǫµ, (40)
2 In order to obtain Eq. (34) from Eqs. (27) and (33), one has to add a local counter term proportional to
q2F˜µν .
3 In our notation, g(z) is absorbed into bVi,Aj (z) compared with the one in [11]: g(z)bVi,Aj (z)→ bVi,Aj (z).
8which can be found from Eq. (21),
gVi = − f 2(z)b′Vi(z)
∣∣+z0
−z0
, (41)
gAj = − f 2(z)b′Aj (z)
∣∣∣
+z0
− f 2(z)b′Aj (z)
∣∣∣
−z0
. (42)
We also define the γViπ-couplings gγViπ and the γViAj-couplings gγViAj in 4D QCD:
LγViπ = dabǫµναβgγViπV aiµ∂νπb∂αVˆβ, (43)
LγViAj = dabǫµναβgγViAjV aiµAbjν∂αVˆβ. (44)
From Eq. (26), these couplings are given by4
gγViπ =
Nc
4π2fπ
∫ z0
−z0
dz bVi(z)ψ
′(z). (45)
gγViAj =
Nc
4π2
∫ z0
−z0
dz b′Vi(z)bAj (z). (46)
Now we are ready to write wL and wT in terms of the resonance parameters. Substituting
the mode expansions (37) and (38) into Eqs. (27) and (28) and performing the integration
over z, one obtains
wL =
4π2
Q2
∑
i
gγViπfπ
gVi
m2Vi
, (47)
wT =
4π2
Q2
∑
i,j
gγViAj
gVi
Q2 +m2Vi
gAj
Q2 +m2Aj
. (48)
Therefore, Eq. (27) implies the longitudinal sum rule:
∑
i
gγViπgVi
m2Vi
=
Nc
2π2fπ
, (49)
and Eq. (33) leads to the identity:
∑
i,j
gγViAj
gVi
Q2 +m2Vi
gAj
Q2 +m2Aj
=
NcQ
2
4π2f 2π
∑
i,j
[
g2Vi
m2Vi(Q
2 +m2Vi)
− g
2
Aj
m2Aj (Q
2 +m2Aj)
]
, (50)
4 Due to the identity V (0, z) =
∑
k
gVk
m2
Vk
bVk(z) = 1, the on-shell photon in the three-point couplings can
be replaced by the whole tower of vector mesons coupled to the photon as a manifestation of the vector
meson dominance [12]:
gγVipi =
∑
k
gVkVipi
gVk
m2Vk
, gVkVipi =
Nc
4pi2fpi
∫ z0
−z0
dz bVk(z)bVi(z)ψ
′(z),
gγViAj =
∑
k
gVkViAj
gVk
m2Vk
, gVkViAj =
Nc
4pi2
∫ z0
−z0
dz bVk(z)b
′
Vi
(z)bAj (z).
The quantities gγVipi and gγViAj will be regarded as the “effective three-point couplings” in this respect.
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FIG. 1: Diagrams contributing to the matrix elements: (a) 〈0|jaµ|pib〉F˜ , (b) 〈0|jaµ|Abj〉F˜ , and (c)
〈0|j5aµ |V bi 〉F˜ .
for arbitrary Q2. Multiplying both hand sides of this identity by Q2 +m2Vi and then taking
Q2 → −m2Vi limit, one obtains a set of transverse sum rules:∑
j
gγViAjgAj
m2Aj −m2Vi
= − Nc
4π2f 2π
gVi , (51)
for i = 1, 2, · · · . Similarly, ∑
i
gγViAjgVi
m2Aj −m2Vi
= − Nc
4π2f 2π
gAj , (52)
for j = 1, 2, · · · . These sum rules provide stringent constraints between the resonance
parameters.
These sum rules also fix the matrix elements of the vector and axial currents between
the vacuum and one particle state (a pion, a vector meson, or an axial-vector meson) in the
presence of the soft electromagnetic field depicted in Fig. 1. Substituting Eqs. (47) and (48)
into the definitions of wL and wT in Eq. (4), decomposing them into the sum over i or j,
and then using the sum rules, one finds
〈0|jaµ(0)|πb(q)〉F˜ = iqν
Nc
2π2fπ
dabF˜µν , (53)
〈0|jaµ(0)|Abj(q, ǫ)〉F˜ = −ǫα
(
ηβµ −
qµq
β
m2Aj
)
Nc
4π2f 2π
gAjd
abF˜αβ, (54)
〈0|j5aµ (0)|V bi (q, ǫ)〉F˜ = −ǫα
[(
ηβµ −
qµq
β
m2Vi
)
Nc
4π2f 2π
gVi −
qµq
β
m2Vi
fπgγViπ
]
dabF˜αβ. (55)
10
While Eq. (53) will be related to the well-known π0 → 2γ decay if one replaces the vector
current by an on-shell photon, Eqs. (54) and (55) are the new formulas involving resonances.
Remarkably, for fixed isospins a and b, the transverse parts of the matrix elements (54) and
(55) are respectively proportional to the decay constants gVi and gAj with the universal pro-
portionality coefficient independent of species i and j (apart from the transverse projection).
For example, for Nf = 2, one has
〈0|jaµ|πa〉‖F˜ = tr[Q]
Nc
8π2f 2π
F˜µν〈0|jν5a|πa〉, (56)
〈0|jaµ|Aaj 〉⊥F˜ = tr[Q]
Nc
16π2f 2π
F˜µν〈0|jν5a|Aaj 〉, (j = 1, 2, · · · ), (57)
〈0|j5aµ |V ai 〉⊥F˜ = tr[Q]
Nc
16π2f 2π
F˜µν〈0|jνa|V ai 〉, (i = 1, 2, · · · ), (58)
where no summation is taken over a. We note here that the universality of the proportionality
coefficient originates from the constant value −Nc/f 2π with no Q2-dependence in front of the
bracket in Eq. (33).
The above sum rules and resultant matrix elements are generic to any theory with a
Yang-Mills-Chern-Simons gravity dual in the large Nc limit. As an example, we explicitly
check the sum rules using the “cosh” model [11] in Appendix A. However, they will not
be generally valid in a theory incorporating the scalar field corresponding to the chiral
condensate [14–16] (although we have a different type of sum rules which may be irrelevant
to real QCD). We provide this counterexample in Appendix B. In the next section, we will
discuss that real QCD behaves similarly to the former class of theories with the universality
rather than to the latter counterexample.
If one assumes that sum rules (51) and (52) are saturated by the lowest resonances
i = j = 1, one has
gV1 = gA1, (59)
gγV1A1 = −
Nc
4π2f 2π
(m2A1 −m2V1). (60)
Equation (59) is equivalent to the second Weinberg sum rule g2V1 − g2A1 = 0 [17], whereas
Eq. (60) is a new prediction. Taking experimental values for these parameters, we find
gγρf1 ≈ −9.2 (and gγρa ≈ −8.0) for Nc = 3.5 This is not far from the value |gγρf1| = 7.6±1.1
determined from the experimentally measured decay rate Γexp(f1 → ρ0 + γ) = 1.34 ± 0.38
MeV [19] by using the formula [20]:
Γ(f1 → ρ0 + γ) =
αd230g
2
γρf1
24
(m2f1 +m
2
ρ)(m
2
f1
−m2ρ)3
m2ρm
5
f1
, (61)
where d30 = 1/4 for Q = diag(2/3,−1/3).
5 A numerical evaluation of (46) using the specific metric of the Sakai-Sugimoto model gives gγρf1 = −3.8
[18] (after matching notation to ours), which is rather smaller than our prediction using the truncated
sum rules.
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FIG. 2: Diagrams contributing to 〈jµj5ν〉nonpertFˆ . The solid and spiral lines denote quarks and gluons
respectively.
IV. REAL QCD
Let us discuss whether the relation (33) is realized in real QCD. This is easy to check for
Q2 ≪ Λ2QCD where the dynamics is governed by the low-lying pions. Because pions do not
contribute to wT , the left hand side of (33) should vanish at small Q
2. In the right hand
side, pions only contribute to the axial correlator ΠA ≃ f 2π/Q2; the singularities of 1/Q2
cancel in total, and hence, Eq. (33) is valid.
In the opposite regime, Q2 ≫ Λ2QCD, one can make use of the operator product expansion
(OPE) analysis, which is an expansion of the correlator in terms of Λ2QCD/Q
2. As usually
adopted in the practical applications of the QCD sum rules [21], we shall neglect the αs-
corrections and the anomalous dimensions of local composite operators in the OPE. Although
these simplifications (called the practical OPE) are numerically good [22], our discussion
below is approximate at this level.
For convenience, look at the relation (34) instead of (33). Because of the transformation
properties under the SU(Nf)L × SU(Nf )R symmetry and the Lorentz symmetry, only the
nonperturbative Lorentz pseudo-tensor condensates related to chiral symmetry breaking can
appear in the OPE of 〈jLµ jRν 〉Fˆ . The leading contributions shown in Fig. 2 read [6, 23]
〈jLµ jRν 〉Fˆ =
1
2
〈jµj5ν〉nonpertFˆ = −
2g2
Q6
(−q2Oµν + qµqσOσν − qνqσOσµ), (62)
where g is the QCD coupling constant and Oµν = 〈(q¯γµγ5λaq)(q¯γνλaq)〉 is the four-quark
condensate with the SU(Nc) color generators λ
a (a = 1, 2, · · · , N2c − 1). Using the Fierz
transformation together with the factorization of the four-quark condensate (which can be
12
justified in the large Nc limit), one has
Oµν = −N
2
c − 1
8N2c
ǫµναβ〈q¯q〉〈q¯σαβq〉. (63)
If we further use the magnetic susceptibility of the chiral condensate χ defined by [24]
〈q¯σµνq〉 = χ〈q¯q〉Fˆµν , (64)
Equation (62) reduces to the simple form:
〈jLµ jRν 〉Fˆ =
N2c − 1
2N2c
g2
Q4
χ〈q¯q〉2P α⊥µ P β⊥ν F˜αβ . (65)
On the other hand, the leading term in the OPE of ΠLR is [21]
ΠLR(Q
2) = − g
2
Q6
〈(q¯LγµλaqL)(q¯RγµλaqR)〉 = N
2
c − 1
4N2c
g2
Q6
〈q¯q〉2. (66)
From Eqs. (65) and (66), that the relation (34) holds in QCD at large Q2 amounts to the
condition for χ to take a special value:
χ = − Nc
4π2f 2π
. (67)
Interestingly, this is the same value obtained in another way assuming the pion dominance
in the OPE of wL when one turns on the quark masses [5] (see Appendix C). These results
suggest that the relation (33) is valid at least approximately in real QCD at both small and
large Q2.
V. CONCLUSIONS
In this paper, we have shown a relation for the transverse part of triangle anomalies (the
“anomaly matching for resonances”) in holographic QCD. Our relation provides a set of sum
rules involving the masses, decay constants and couplings between resonances, and leads to
the formulas for the matrix elements of the vector and axial currents in the presence of the
soft electromagnetic field. These results are generic to any theory with a Yang-Mills-Chern-
Simons gravity dual where chiral symmetry is broken by the boundary conditions.
In real QCD, our relation is also valid at least approximately when the magnetic suscep-
tibility of the chiral condensate takes a special value χ = −Nc/(4π2f 2π). The uncertainty of
our relation in real QCD should be resolved in the future. This is relevant to the theoreti-
cal estimate of the hadronic electroweak contribution concerning γγ∗Z triangle diagrams to
the muon anomalous magnetic moment, which can be experimentally determined to high
precision [26, 27].
There are several open questions. Among others, it is desirable to understand our relation
and resulting formulas for the matrix elements in the field theoretical point of view. One
13
can also consider its generalization to nonzero temperature and/or nonzero baryon chemical
potential. In relation to heavy ion physics, this may lead to some possible effects on the
“chiral magnetic effect” [28, 29] considered to explain the fluctuations of charge asymmetry
in noncentral collisions.
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Appendix A: Summary of results for the “cosh” model
In this appendix, we explicitly check our formulas in Sec. III using the “cosh” model as
an example [11]:
g(z) = g5 = const, (A1)
f(z) =
Λ
g5
cosh(z), (A2)
and z0 = ∞. For completeness, we first review the results obtained in [11]. To match the
notation, we assign the integer n to Vi and Aj with n = 2i − 1 for odd n and n = 2j for
even n (due to the alternate states with the opposite parity). Then the results in [11] are6
bn(z) = (−1)ng5cnP
1
n(tanh z)
cosh z
, cn =
√
2n+ 1
2n(n+ 1)
, (A3)
m2n = n(n+ 1)Λ
2, (A4)
gn =
√
2n(n+ 1)(2n+ 1)
Λ2
g5
, (A5)
f 2π =
2Λ2
g25
, (A6)
1
g25
=
Nc
24π2
, (A7)
where P 1n(z) are the associated Legendre functions. We then summarize the new results using
the formulas in Sec. III. Introducing the variables y = tanh z and ν satisfying ν(ν + 1) =
6 Note that our boundary conditions (11) are chosen so that the CS action is introduced in the same way
as [12], which are different from A(−z0) = AL and A(z0) = AR in [11]. This entails the change of the
sign of bn(z) (n: even) compared with [11].
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−Q2, the solutions to the field equations (14) and (15) are
V (Q, z) = −π
2
sec(νπ)
√
1− y2[P 1ν (y) + P 1ν (−y)], (A8)
A(Q, z) =
π
2
sec(νπ)
√
1− y2[P 1ν (y)− P 1ν (−y)], (A9)
where sec t ≡ 1/ cos t. The relations (31) and (32) are
ΠA(Q
2)−ΠV (Q2) = Nc
12π
sec
(
π
2
√
1− 4Q
2
Λ2
)
(A10)
=


Nc
6π
e−πQ/Λ, Q2 ≫ Λ2,
Nc
12π2
Λ2
Q2
, Q2 ≪ Λ2,
(A11)
wT (Q
2) =
Nc
Q2
[
1− πQ
2
Λ2
sec
(
π
2
√
1− 4Q
2
Λ2
)]
(A12)
=


Nc
Q2
− 2πNc
Λ2
e−πQ/Λ, Q2 ≫ Λ2,
Nc
Λ2
, Q2 ≪ Λ2,
(A13)
Therefore, the following relation is actually satisfied:
wT (Q
2) =
Nc
Q2
− Nc
f 2π
[
ΠA(Q
2)− ΠV (Q2)
]
. (A14)
For the couplings gγViπ and gγViAj , which we denote gγnπ and gγnm with n = 2i − 1 and
m = 2j, there are the “neighboring rules”:
gγnπ =
4
√
3
g5fπ
δn1, (A15)
gγnm = −6(n + 1)
√
n(n + 2)
(2n+ 1)(2n+ 3)
δn,m−1 + 6n
√
(n− 1)(n+ 1)
(2n− 1)(2n+ 1)δn,m+1. (A16)
Using the above relations, one can easily check the longitudinal and transverse sum rules:
gγ1πg1
m21
=
Nc
2π2fπ
, (A17)
∑
m=n±1
gγnmgm
m2m −m2n
= − 3
g5
√
2n(n+ 1)(2n+ 1) = − Nc
4π2f 2π
gn, (A18)
∑
n=m±1
gγnmgn
m2m −m2n
= − 3
g5
√
2m(m+ 1)(2m+ 1) = − Nc
4π2f 2π
gm. (A19)
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Appendix B: AdS/QCD with the chiral condensate
One can test whether the relation (33) is realized in the AdS/QCD incorporating the
chiral condensate [14–16]. We consider the hard-wall model and follow the notations of [14].
The metric is a slice of anti-de Sitter (AdS) space:
ds2 =
1
z2
(−dz2 + dxµdxµ), 0 < z ≤ zm. (B1)
The IR cutoff zm is responsible for the confinement and fixes the scale of the ρ meson mass
mρ in this theory. When we are interested in the physics at large Q
2 below, we can limit
ourselves to the region of AdS space close to the boundary and we can take the zm → ∞
limit to simplify the computation.
The action of the theory in the 5D bulk is
S = SYM + SCS, (B2)
SYM =
∫
d5x
√
g tr
[
|DX|2 + 3|X|2 − 1
4g25
(F 2L + F
2
R)
]
, (B3)
SCS = κ
∫
[w5(AL)− w5(AR)], (B4)
where DµX = ∂µX − iALµX + iXARµ, AL,R = AaL,Rτa, Fµν = ∂µAν − ∂νAµ− i[Aµ, Aν ], and
w(A) = AF 2 − i
2
A3F − 1
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A5. The coefficient κ is fixed in Eq. (29). The expectation value
of the scalar field X is determined by the classical solution as
X0(z) =
1
2
mqz +
1
2
σz3. (B5)
In the following, we consider the chiral limit mq = 0.
We introduce the vector and axial-vector fields V = (AL + AR)/2 and A = (AL −AR)/2
and we work in the Vz = Az = 0 gauge, letting V
µ(q, z) = V (q, z)V µ0 (q) with V0 being the
source of the vector current (likewise for Aµ). The linearized equations of motion for the
transverse parts V⊥(q, z) and A⊥(q, z) are(
V ′⊥
z
)′
− Q
2
z
V⊥ = 0, (B6)(
A′⊥
z
)′
− Q
2
z
A⊥ − g
2
5v
2
z3
A⊥ = 0, (B7)
with the boundary conditions V (Q, ǫ) = A(Q, ǫ) = 1 and V ′(Q, zm) = A
′(Q, zm) = 0. One
can also write down the equation of motion for the longitudinal part A‖, but it is irrelevant
to our discussion and is omitted here.
Equation (B6) can be solved analytically,
V⊥(Q, z) = Qz
[
K1(Qz) + I1(Qz)
K0(Qzm)
I0(Qzm)
]
zm→∞−−−−→ QzK1(Qz), (B8)
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where Kn and In are the modified Bessel functions. Although Eq. (B7) does not allow for
an analytical solution generally, one can solve perturbatively for large Q2,
A⊥ = A0 + A1 + . . . , (B9)
with A0(Q, z) = V⊥(Q, z). The first correction satisfies
∂2xA1 −
1
x
∂xA1 −A1 = λx4A0, (B10)
where we define x ≡ Qz and λ ≡ g25σ2/Q6. The solution to this equation is given by using
the Green’s function,
A1(x) =
∫
dx′G(x, x′)λx′4A0(x
′), (B11)
where G(x, x′) can be obtained from the solutions to the homogeneous part of Eq. (B10),
f1(x) = xK1(x), f2(x) = xI1(x), (B12)
as
G(x, x′) = − 1
W [f1, f2](x′)
[f1(x)f2(x
′)θ(x− x′) + f2(x)f1(x′)θ(x′ − x)], (B13)
with the Wronskian W [f1, f2](x
′) ≡ f1f ′2 − f ′1f2 = x′. Using the integral,∫ ∞
0
dx′ x′5K21(x
′) =
8
5
, (B14)
we find the small z behavior of A1:
A1(Q, z) = −4
5
(Qz)2
g25σ
2
Q6
. (B15)
This solution near the boundary is sufficient to evaluate the correlation functions below
which are determined by the boundary values at z = ǫ or by the integrals dominated by
small z regions.
The derivations of the correlation functions are similar to those in Sec. III and we simply
denote the resultant expressions here. The transverse parts of the vector and axial current
correlation functions are
ΠV (Q
2) = − 1
g25Q
2
V ′⊥(Q, z)
z
∣∣∣∣
z=ǫ
, (B16)
ΠA(Q
2) = − 1
g25Q
2
A′⊥(Q, z)
z
∣∣∣∣
z=ǫ
, (B17)
Since ΠA(Q
2)→ f 2π/Q2 for Q2 → 0, the pion decay constant reads
f 2π = −
1
g25
A′⊥(0, z)
z
∣∣∣∣
z=ǫ
. (B18)
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The expressions for wL and wT are
wL(Q
2) = −2Nc
Q2
∫ zm
0
dz A′⊥(0, z)V⊥(0, z)
zm→∞−−−−→ 2Nc
Q2
, , (B19)
wT (Q
2) = −2Nc
Q2
∫ zm
0
dz A⊥(Q, z)V
′
⊥(Q, z), (B20)
where we used V⊥(0, z) = 1. The result for wL is consistent with the anomaly matching
condition (5).7
Now we are ready to check the validity of the relation (33) in this theory. Let us first
consider small Q2. Using V (0, z) = 1, one can easily check that ΠV and wT vanish while
ΠA(Q
2)→ f 2π/Q2; thus the relation (33) is valid.
On the other hand, for large Q2, we can expand V⊥ and A⊥ near the boundary,
V⊥(Q, z) = 1 +
1
4
(Qz)2 ln(Q2z2) + . . . , (B21)
A⊥(Q, z) = 1 +
1
4
(Qz)2 ln(Q2z2)− 4
5
(Qz)2
g25σ
2
Q6
+ . . . , (B22)
which lead to (up to contact terms):
ΠV (Q
2) = − 1
2g25
lnQ2, (B23)
ΠA(Q
2) = − 1
2g25
lnQ2 +
8
5
σ2
Q6
, (B24)
wT (Q
2) =
Nc
Q2
− 32Nc
5
g25σ
2
Q8
, (B25)
where the integral ∫ ∞
0
dx x2K1(x) = 2, (B26)
is used for evaluating wT . Matching the leading log behavior in Eq. (B23) with the QCD
result:
ΠV (Q
2) = − Nc
24π2
lnQ2, (B27)
leads to the identification [14]:
g25 =
12π2
Nc
. (B28)
Combining the above results, one arrives at
wT (Q
2) =
Nc
Q2
− 48π
2
Q2
[ΠA(Q
2)− ΠV (Q2)], (B29)
7 If we take finite zm, however, the nonzero but small value of ψ(zm) at the IR brane slightly breaks the
anomaly matching (5). One may improve this point by adding a surface term at the IR brane [25].
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for large Q2. Clearly, the nonperturbative correction is different from Eq. (33) and from the
behavior in real QCD shown in Sec. IV: the coefficient in front of the bracket is Q2-dependent
but not a constant −Nc/f 2π . This difference originates from the OPE of wT in Eq. (B25)
where the nonperturbative correction is proportional to 1/Q8 rather than 1/(f 2πQ
6). This
will be due the absence of the field corresponding to the operator q¯σµνq in this theory which
is essential for the relation (33) to be realized in real QCD at large Q2. One may improve
this point by adding the tensor field Hµν corresponding to the operator q¯σµνq in the theory,
although it would still require a fine-tuning of parameters to reproduce the quantitatively
correct OPE in QCD.
In this case, one can still derive a set of transverse sum rules [but different type from
Eqs. (51) and (52)] for highly excited resonances using Eq. (B29). Since pions do not
contribute to wT , we have only to consider the contributions from the vector and axial-
vector mesons for wT . Similarly to Eq. (50), one obtains a relation:
∑
i,j
gγViAj
gVi
Q2 +m2Vi
gAj
Q2 +m2Aj
= 12
∑
i,j
[
g2Vi
m2Vi(Q
2 +m2Vi)
− g
2
Aj
m2Aj(Q
2 +m2Aj )
]
−12f
2
π
Q2
+
Nc
4π2
, (B30)
for sufficiently large Q2. This provides a set of sum rules for highly excited states:∑
j
gγViAjgAj
m2Aj −m2Vi
= 12
gVi
m2Vi
, (i≫ 1),
∑
i
gγViAjgVi
m2Aj −m2Vi
= 12
gAj
m2Aj
, (j ≫ 1). (B31)
They also lead to the relations for the transverse parts of the matrix elements:
〈0|j5aµ |V bi 〉⊥F˜ = 12ǫα
gVi
m2Vi
dabF˜αβ , (i≫ 1), (B32)
〈0|jaµ|Abj〉⊥F˜ = 12ǫα
gAj
m2Aj
dabF˜αβ , (j ≫ 1). (B33)
These matrix elements are proportional not only to the decay constants gVi and gAj but also
to 1/m2Vi and 1/m
2
Aj
, respectively: there is no universality of the proportionality coefficients
unlike Eqs. (54) and (55). This again comes from the 1/Q2 behavior in front of the bracket in
Eq. (B29), and is different from real QCD where this factor should be approximately replaced
by a constant value. Therefore, we expect that real QCD would have the properties (54)
and (55) rather than (B32) and (B33).
Appendix C: Magnetic susceptibility of the chiral condensate
In this appendix, we review the derivation of the magnetic susceptibility of the chiral
condensate by Vainshtein [5]. Let us consider the modifications of the longitudinal part of
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the correlator (4) when we turn on the degenerate quark masses mq. For Q
2 ≫ Λ2QCD, the
leading contribution can be found using the OPE,
〈jµj5ν〉‖Fˆ = Q
2P α⊥µ P
β‖
ν ǫαβρσ
[
Nc
4π2Q2
Fˆ ρσ − 2mq〈q¯σ
ρσq〉
Q4
+O
(
1
Q6
)]
=
Q2
4π2
P α⊥µ P
β‖
ν F˜αβ
[
2Nc
Q2
− 16π
2χmq〈q¯q〉
Q4
+O
(
1
Q6
)]
, (C1)
where we used the definition of χ in Eq. (67). For Q2 ≪ Λ2QCD, the pion propagator is
replaced by the massive one:
〈jµj5ν〉‖Fˆ =
Q2
4π2
P α⊥µ P
β‖
ν F˜αβ
2Nc
Q2 +m2π
=
Q2
4π2
P α⊥µ P
β‖
ν F˜αβ
[
2Nc
Q2
− 2Ncm
2
π
Q4
+O
(
1
Q6
)]
. (C2)
If one assumes the extrapolation of the 1/Q4 term in the bracket in Eq. (C2) to large Q2 to
be matched against that in Eq. (C1), one finds
χ =
Ncm
2
π
8π2mq〈q¯q〉 . (C3)
Using the Gell-Mann–Oakes–Renner relation for pions,
f 2πm
2
π = −2mq〈q¯q〉, (C4)
Equation (C3) reduces to
χ = − Nc
4π2f 2π
. (C5)
[1] S. L. Adler, Phys. Rev. 177, 2426 (1969).
[2] J. S. Bell and R. Jackiw, Nuovo Cim. A 60 (1969) 47.
[3] S. L. Adler and W. A. Bardeen, Phys. Rev. 182, 1517 (1969).
[4] G. ’t Hooft, Recent Developments In Gauge Theories, (Plenum, New York, 1980).
[5] A. Vainshtein, Phys. Lett. B 569, 187 (2003) [arXiv:hep-ph/0212231].
[6] A. Czarnecki, W. J. Marciano and A. Vainshtein, Phys. Rev. D 67, 073006 (2003) [Erratum-
ibid. D 73, 119901 (2006)] [arXiv:hep-ph/0212229].
[7] M. Knecht, S. Peris, M. Perrottet and E. de Rafael, JHEP 0403, 035 (2004)
[arXiv:hep-ph/0311100].
[8] J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)]
[arXiv:hep-th/9711200].
20
[9] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998)
[arXiv:hep-th/9802109].
[10] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].
[11] D. T. Son and M. A. Stephanov, Phys. Rev. D 69, 065020 (2004) [arXiv:hep-ph/0304182].
[12] T. Sakai and S. Sugimoto, Prog. Theor. Phys. 113, 843 (2005) [arXiv:hep-th/0412141]; Prog.
Theor. Phys. 114, 1083 (2005) [arXiv:hep-th/0507073].
[13] A. Gorsky and A. Krikun, Phys. Rev. D 79, 086015 (2009) [arXiv:0902.1832 [hep-ph]].
[14] J. Erlich, E. Katz, D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 95, 261602 (2005)
[arXiv:hep-ph/0501128].
[15] L. Da Rold and A. Pomarol, Nucl. Phys. B 721, 79 (2005) [arXiv:hep-ph/0501218].
[16] A. Karch, E. Katz, D. T. Son and M. A. Stephanov, Phys. Rev. D 74, 015005 (2006)
[arXiv:hep-ph/0602229].
[17] S. Weinberg, Phys. Rev. Lett. 18, 507 (1967).
[18] S. K. Domokos, H. R. Grigoryan and J. A. Harvey, Phys. Rev. D 80, 115018 (2009)
[arXiv:0905.1949 [hep-ph]].
[19] K. Nakamura et al. (Particle Data Group), J. Phys. G 37, 075021 (2010).
[20] N. I. Kochelev, D. P. Min, Y. s. Oh, V. Vento and A. V. Vinnikov, Phys. Rev. D 61, 094008
(2000) [arXiv:hep-ph/9911480].
[21] M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B 147, 385 (1979); Nucl.
Phys. B 147, 448 (1979).
[22] M. A. Shifman, Prog. Theor. Phys. Suppl. 131, 1 (1998) [arXiv:hep-ph/9802214].
[23] M. Knecht, S. Peris, M. Perrottet and E. De Rafael, JHEP 0211, 003 (2002)
[arXiv:hep-ph/0205102].
[24] B. L. Ioffe and A. V. Smilga, Nucl. Phys. B 232, 109 (1984).
[25] H. R. Grigoryan and A. V. Radyushkin, Phys. Rev. D 77, 115024 (2008) [arXiv:0803.1143
[hep-ph]].
[26] J. P. Miller, E. de Rafael and B. L. Roberts, Rept. Prog. Phys. 70, 795 (2007)
[arXiv:hep-ph/0703049].
[27] F. Jegerlehner and A. Nyffeler, Phys. Rept. 477, 1 (2009) [arXiv:0902.3360 [hep-ph]].
[28] D. E. Kharzeev, L. D. McLerran and H. J. Warringa, Nucl. Phys. A 803, 227 (2008)
[arXiv:0711.0950 [hep-ph]].
[29] K. Fukushima, D. E. Kharzeev and H. J. Warringa, Phys. Rev. D 78, 074033 (2008)
[arXiv:0808.3382 [hep-ph]].
